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ON THE LIE AND CARTAN THEORY OF INVARIANT
DIFFERENTIAL SYSTEMS, III
A. KUMPERA
Abstract. It is presently our aim to undertake the discussion, of
the Parts I and II, on the infinitesimal level and outline as well the
transition from infinitesimal to finite, the main reason for this be-
ing, of course, the well known fact that arguments and calculation
on the infinitesimal level are far simpler that those on the finite
level.
1. Introduction
The Second and the Third Theorems of Lie do have drawbacks in
the case of Lie groupoids, the whole context being considerably more
complicated. We shall therefore begin by exhibiting a criterion, neces-
sary and sufficient, for the appropriate integrability of a Lie algebroid,
the same criterion holding for both Lie Theorems since, in ultimate
analysis, the entire difficulty arises when quotienting a foliation i.e.,
when considering the space of all the leaves.
Given a Lie groupoid G defined on a base manifold M by a non-linear
differential equation i.e., a groupoid contained in some jet space, there
is associated to it a Lie algebroid defined on the same manifold by a
Lie equation ([15]). In this paper we intend to examine some aspects
of the converse statement that is not always fulfilled. The main ingre-
dients in our whole discussion are the so-called Cartan pseudo-groups
and Cartan groupoids where everything works beautifully, Élie Cartan
being the great master of the co-variant universe.
2. The differentiable quotientability of a foliation
We adopt here, in discussing the integrability of a Lie algebroid,
a geometric approach different from that found in [8] and begin by
examining the quotientability of foliations. The following Lemma is a
direct consequence of the construction of the holonomy groupoid via
the iterated juxtaposition of sliced coordinate neighborhoods (c.f.,[7],
[18],[10],[3],[2],[16]). We say that a groupoid is trivial whenever, for
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2 A. KUMPERA
any two unit elements, there is just a single element with such a source
and such a target together with its inverse. We also recall that the
equivalence relation canonically associated to a foliation is the one that
renders equivalent any two points belonging to the same leaf and only
these.
Lemma 1. The holonomy groupoid of a foliation is trivial if and only
if the equivalence relation associated to this foliation is a differentiable
sub-manifold of the product manifold.
On account of the Godement Theorem ([19]) and its slight improve-
ment brought by Kubarski ([11]), we can state the following result
where "differentiably quotientable" means that the quotient of a fo-
liation, modulo its leaves, admits a differentiable (e.g., C∞) manifold
structure for which the quotient map is a submersion. The quotient
structure is then unique.
Theorem 1. In order that a foliation F , defined on a differentiable
manifold M, be differentiably quotientable, it is necessary and sufficient
that the following two conditions hold:
(i) The holonomy groupoid associated to F is trivial and
(ii) the first (or, equivalently, the second) projection
pr1 : R −→ M/ ∼
is a submersion, where R ⊂ M ×M denotes the equivalence relation
associated to the foliation and ∼ the corresponding equivalence among
the points in M.
3. Jordan-Hölder resolutions for Lie algebroids
Let us denote by A a Lie algebroid defined on the manifold M ([13]).
By definition, A is a finitely generated free sub-sheaf of the sheaf TM
of all the germs of vector fields, defined on M, invariant under the
Lie bracket that further satisfies the following restrictive differential
condition: It is the set of all the solutions of an integrable linear partial
differential equation of a certain order k, called a Lie equation, where
after it will be said to be of order k.
We consider a Jordan-Hölder resolution
A = A0 ⊃ A1 ⊃ · · · ⊃ A`−1 ⊃ A` = 0
for A where, by definitions, each Ai+1 is a maximal sub-sheaf in ideals
of Ai and, consequently, the quotient is simple. The integer ` is in-
dependent of the resolution and is called the Jordan-Hölder length of
A. Occasionally, the initial term A will also be indicated, as above, by
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A0. The resolution is called admissible when each term, belonging to
it, is an integrable algebroid. The resulting sequence, at the groupoid
level, will of course be a Jordan-Hölder resolution for the groupoid
G obtained by integrating A . Given a Lie groupoid G, the foliation
defined by its α−fibres i.e., the collection of all the connected compo-
nents of every α−fibre is a differentiably quotientable foliation on the
underlying manifold to the Lie groupoid G and, in particular, when
the α−fibres are connected, the quotient manifold is equal (diffeomor-
phic) to the sub-manifold of units of G. The same comment can be
paraphrased with respect to the β−fibres.
Conversely, let A be an integrable Lie algebroid and let us denote
by G0 the Lie groupoid obtained by extending globally, according to
Pradines ([1],[17]), the "piece of differentiable groupoid" (morceau de
groupoïde différentiable) obtained by integrating, for example, the dis-
tribution determined by the right invariant vector fields and by consid-
ering just the leaves that contain some element of M. Taking a Jordan-
Hölder resolution of the algebra A , we proceed inasmuch with each
sub-algebroids, taking only the leaves that contain some element of M,
and obtain a differentiable (Lie) sub-groupoid with connected α−fibres
and with the same space of units. Let us state this property in a more
suitable fashion.
Lemma 2. When A is an integrable algebroid, then each term belong-
ing to a Jordan-Hölder resolution of A is also integrable.
Remark. The above property also holds inasmuch for the terms of
any composition series of A .
4. The Lie algebroids associated to a differential
system.
We now consider a differential system S of some order k , considered
as a (locally trivial) sub-bundle of the k−th order jet space Jkpi, where
pi : P −→ M is a fibration, and denote by Ck the canonical contact
structure at that same order k ([14]). It is well known that a local
vector field, defined on the space of all the invertible k−jets, is locally
the prolongation of a vector field defined in the base space if and only
if it leaves invariant the k−th order canonical contact structure. This
being so, we can associate to the differential system S, given above, the
sheaf of all the germs of vector fields defined on the base space whose
prolongations are tangent to the sub-manifold S. Actually, it will suf-
fice that the prolongued vector fields be tangent, to order 1, to S at
the points in consideration since the first order tangency will imply the
0−th order tangency of the bracket. On account of the above men-
tioned relationship between prolongued vector fields and those leaving
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invariant the contact structure, we can restate all the above consider-
ations exclusively in terms of the germs of vector fields defined on the
space of k−jets.
The algebroidA , defined above, is not necessarily integrable but we can
determine a maximal integrable sub-algebroid A0 . In fact, given any
germ of vector field tangent, after prolongation, to S at the correspond-
ing points, it generates, according to Pradines, a piece of differentiable
groupoid that can be globalized onto a Lie groupoid leaving invari-
ant the differential system (the bracket of a vector field with itself is
null). We can therefore take the sum of all the Lie sub-algebroids that
generate global Lie sub-groupoids and obtain the maximal integrable
sub-algebroid A0 associated to the differential system S. Let us denote
by G0 a piece of differentiable sub-groupoid that it generates and by
G the corresponding global Lie sub-groupoid resulting thereafter. It is
the largest Lie groupoid that leaves invariant the differential system at
that order.
Let us now recall that the purpose, for considering Jordan-Hölder se-
quences, resides in their relevance with respect to the integration of
differential systems via the Lie-Cartan algorithm consisting in succes-
sive reductions, of the given system, to auxiliary systems invariant
under simple Lie groupoids (c.f., [14]). However, in order to do so,
we are forced initially to integrate the terms of the given infinitesimal
series of the Lie algebroid and only, thereafter, apply the Lie-Cartan
method with the help of the finite resolution obtained upon integration.
There is, nevertheless, an alternative approach that seems somehow
more promising. Instead of considering directly the given differential
system, we take its linearization, apply the Lie-Cartan method to this
linear differential system with the help of the infinitesimal series and
finally obtain the solutions of the given system by integrating those of
the linear system. It is somehow a Tom and Jerry mischievous game.
Given a differential system S, we consider the tangent fibration
pi ◦ p : TP −→ P −→ M ,
where p : TP −→ P is the natural projection. Furthermore, JkTP =
Jk(pi ◦ p) projects onto JkP = Jkpi via jkp , each element X ∈ Jk+1TP
projects onto a tangent vector of JkP at the point jkp(X) (Jk+1 ⊂ J1Jk)
and the fibration
β ◦ jk+1p : Jk+1TP −→ P
is a vector bundle. We can now associate, to the k−th order equation
S, the linear equation of order k+ 1, denoted by LS and composed by
the set of all the elements in Jk+1TP whose images under ρk,k1 ◦ jk+1p
are tangent to S.
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Any local vector field defined on P prolongs to TP hence also to Jk+1TP
where this latter jet space has the above described meaning, not to be
misunderstood as being the space of (k + 1)−st jets of vector fields
on the manifold P. There after, we can determine the Lie algebroid
defined on P and consisting of all the germs of vector fields that, after
prolongation, leave invariant the linear equation LS i.e., are tangent to
the equation or, equivalently, generate local 1−parameter groups that
preserve the equation. Taking a Jordan-Hölder resolution for the above
Lie algebroid, the Lie-Cartan algorithm can now be applied inasmuch
as it is described in [14] since the α−fibres (and the β−fibres) of a Lie
groupoid are no other that the integral manifolds of its Lie algebroid
considered as its set of right invariant vector fields (resp. left invariant).
Once obtained the solutions of the linear equation LS, we obtain those
of the general equation S simply projecting these solutions by means
of p i.e., composing them with p.
We now briefly recall the construction of a piece of differentiable
groupoid, corresponding to a given Lie algebroid.
Let us consider a Lie algebroid L defined on the base manifold M
and let us denote by H the set of all the homotopy classes of integral
curves of L that initiate and terminate at the same points.1 If γ(t) is an
integral curve of ξ then, for any constant c, γ(ct) is an integral curve of
cξ hence we could restrict our considerations to the sole integral curves
defined on the unit interval though this does not seem to contribute
with any mayor simplifications. Given such a homotopy class [γ], γ :
[0, t0] −→ M, we shall say that γ(0) is the source of [γ], denoted by
α([γ]), and that γ(t0) is the target, denoted by β([γ]).Next, we consider
chains (sequences) of elements of H namely, objects of the form
([γp], [γp−1], · · · , [γ1]) ,
where β([γi]) = α([γi+1]). The set of all such chains, for arbitrary values
of the integer p, then becomes a groupoid G under the obvious composi-
tion of chains, the inverse of an element being that element determined
by the same path with the opposite (contrary sense) parametrization
or a composite of such elements as soon as we remark that the source
of the inverse is the target of the element and inasmuch for the target.
Finally, we identify two chains that have the same source and the same
target. This identification is an equivalence relation compatible with
the groupoid structure of the chains hence we obtain again a groupoid
whose α−fibres are represented by sub-sets of M that, however should
not be identified with such sub-sets, since the same point of M can
represent distinct points in different α−fibres of the above groupoid.
The property of L being free ensure that the distribution generated
1Integral curves of representatives of the elements belonging to L.
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by all the above vector fields (and always in the vicinity of M rep-
resented now by the constant curves) is regular and integrable where
after we can choose, at each point of M, a coordinate system adapted
to this foliation and, in particular, a cubic neighborhood in the sense of
Chevalley ([7]). All such cubic neighborhoods then provide the desired
differentiable structure of G in the vicinity of M, this structure admit-
ting eventually some extension beyond these cubic neighborhoods.
5. Lie Equations.
Let pi : E −→ M be a fibration i.e., the mapping pi is a differen-
tiable surjective submersion. We denote by JkE or by Jkpi, when it is
desirable to put in evidence the projection pi, the manifold of k−jets of
local sections of pi (Ehresmann, [9]), by α and β the source and target
projections respectively and by
α× β : JkE −→ M × E
their fibered product.
Lemma 3. When E is a vector bundle over M then so is JkE with
respect to the projection α onto M.
The proof is obvious since it suffices to define the sum of two k−jets
as the k−jet of the sum and inasmuch for the scalar multiplication.
We now consider the tangent bundle TM fibrating over M and denote
by jkσ the section of JkTM obtained by taking all the k−jets of the
local section σ of TM −→ M. Since the definition of the bracket of
two vector fields requires the first order derivatives of their components,
we conclude that, given the k−jets jkξ(x) and jkη(x), the (k − 1)−th
jet jk−1[ξ, η](x) of the bracket is well defined and will be denoted by
[jkξ(x), jkη(x)].
Definition 1. A (locally trivial) vector sub-bundle L of JkE is called
a Linear Lie Equation of order k when the bracket of any two k− jets,
contained in the equation, belongs to the (k−1)−st projection ρk−1,k(L)
of L.
The most outstanding and, for that matter, the most useful property
of a Lie equation states that the bracket of any two local vector fields
that are solutions of the equation is also a solution. When the equation
is integrable then, conversely, the above property characterizes its Lie
nature. An analytic Lie equation is always integrable.
The notation ρh,k : JkTM −→ JhTM is of course standard. We shall
now modify appropriately the Lie bracket of vector fields so as to be
able not only to define but as well to manipulate more adequately a
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Lie Equation that will be re-defined as an equation invariant under the
modified bracket.
Let us consider two differentiable manifolds M and N of the same di-
mensions and denote by Πk(M,N) the manifold of all the invertible
k−jets originating in M and terminating in N. When M = N, we then
just write ΠkM. The fibered product α × β is then a surmersion onto
M×N.We could, of course, define ΠkM in terms of the k−jets of local
sections of a fibration but our definition seems more appropriate and
easier to handle. The set ΠkM is a Lie groupoid and Πk(M,N) is a
left/right homogeneous space of the corresponding Lie groupoids. We
also recall that the Lie algebroid associated to ΠkM is equal (isomor-
phic) to the sheaf of germs of local sections of JkTM.
We denote by M2 = M ×M the product manifold, FM2 its structure
sheaf (germs of differentiable functions), OM2 the sub-sheaf, in ideals,
defining the diagonal (germs that vanish on the diagonal) and ∆ the
diagonal. We also call diagonal the vector fields onM2 that are tangent
to the diagonal. The first basic remark states that OM2 is invariant
under the Lie derivative with respect to a diagonal vector field i.e.,
θ(ζ)OM2 ⊂ OM2 , for any diagonal vector field ζ. In order to understand
our further reasoning, the above property should be confronted with
the behaviour, at a point x ∈ M, of the ideal of those functions that
vanish at x. The Lie derivative of such a function with respect to a
vector field that vanishes at the point x does not necessarily vanish
at that point. We next define a diagonal module structure on the Lie
algebra Ξ(M2) of all the vector fields, defined on the product manifold,
by setting
f∆ζ = gζH + fζV
On account of the previously mentioned basic remark, we infer that
the k−jet, at a point of the diagonal, of the bracket of two diagonal
vector fields only depends and is entirely determined by the k−jets of
these two vector fields not depending any more of the (k+1)−jets. We
finally select a convenient ∆−sub-module of Ξ(M2) namely, the set Θ
of all the vector fields that are pi1−projectable ontoM . In other terms,
we just take those diagonal vector fields ζ that verify
T(x,y)pi1(ζH) = T(x,y′)pi1(ζH)
at arbitrary points x, y, y′. We next observe that this ∆−sub-module,
denoted by Θ, is also a sub-algebra with respect to the Lie algebra
structure of the set χ of all the vector field on the product space and
the above remark shows that the Lie bracket of vector fields induces
a (fibre-wise) Lie bracket on the k−jets of the elements of Θ, along
the diagonal. However, the projection pi1 extend, along the diagonal,
to a surjective projection of the space of k−jets of the elements of
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Θ, along the diagonal, onto the space of k−jets of vector fields on M
i.e., onto the space JkTM. Since the bracket operation is preserved by
projection, we finally conclude that the jet space JkTM is provided
with a modified Lie bracket [ , ] that satisfies the following property:
Proposition 1. The equation L ⊂ JkTM is a Lie equation if and only
if it is invariant under the modified Lie bracket.
The proof is a direct consequence of the fact that the horizontal com-
ponents of the elements of Θ are simply obtained by horizontally prop-
agating, to M2, the vector fields on M. For further details, we refer the
reader to [15].
6. The Contact Ambient
In order to fix the terminology and avoid any conflicts, let us state the
following. A pseudo-group is a set of local transformations, a pseudo-
algebra is a set of local vector fields, a groupoid is a set with a partially
defined multiplication operation, an algebroid is a sheaf of germs of
vector fields and finally a Lie equation is a linear partial differential
equation whose local sections can be composed via a Lie bracket. We
provided, in the previous section, a brief overview on linear Lie equa-
tions though a much more thorough and complete study of these can be
found in the references, especially in [15]. At present, we shall only as-
sume a differentiability class high enough so as to enable us to perform
the necessary calculations.
We first consider a Lie groupoid G of order k + 1, defined in the Jet
space Πk+1M of invertible (k + 1)−jets on a manifold M of dimension
equal to n, and look for the appropriate spaces where it could be con-
veniently placed. Since every (k + 1)−jet X ∈ Πk+1M can be lifted
(prolonged) to a 1−jet in ΠkM originating at any jet whose source is
equal to the source of X, the groupoid Gk+1 , of order k+ 1, becomes a
groupoid G1,k , of order 1, defined on ΠkM and isomorphic to the origi-
nal one. Inasmuch, given a pseudo-group of order k+ 1, we can extend
its elements (local transformations of M ) to ΠkM and thus obtain a
first order pseudo-group on this manifold. Moreover, its first order
groupoid is precisely the groupoid obtained from its (k + 1)−st order
groupoid. Let us denote by C or, when necessary, by Ck the canonical
contact structure defined, on ΠkM , by the first degree contact forms.
It is well known that the prolongation of every local transformation
coming from any base space is a local automorphism of this contact
system. Then the canonical contact structure Pk can be restricted to
Gk and all the geometry inherent to the groupoid can be investigated
by means of this restricted Pfaffian system. In particular, the extension
of every jet X ∈ Gk , to order k − 1 , defines a first order Lie groupoid
canonically isomorphic to the given groupoid.
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Let us also observe that everything that was said for pseudo-groups
and groupoids transcribes ispis litteris for pseudo-algebras (or alge-
broids) and Lie equations ([15]).
We next consider a Lie pseudo-group Γ , of order k , defined on the
same manifoldM, and denote by Γk the corresponding k−th order (Lie)
groupoid. Then Γ prolongs to a first order pseudo-group Γ˜ defined on
the manifold ΠkM and its restriction to the sub-manifold JkΓ composed
by all the k−jets of its elements (local transformations of M ) becomes
a Cartan pseudo-group (cf.[12]).
Let us finally state the following result which is, in fact, rather ob-
vious since the generated finite object is simply obtained by means
of the same invariance forms as those defining the algebroid. The
proof is only required to assure that the finite pseudo-group, defined as
above, is large enough so as to display the entire algebroid. Cartan also
gave two proofs where, however, he shows much deeper results since he
starts with constants that should eventually become those pertaining
to the structure equations relative to Pfaffian forms to be constructed
([4],[5],[6]).
Theorem 2. To any Cartan pseudo-algebra (resp. algebroid) corre-
sponds a Cartan pseudo-group (resp. a groupoid) with a pseudo-algebra
(resp. an algebroid) equal to the given one.
This being so, we can associate to any Lie algebroid a Lie groupoid
inasmuch as it happens in Lie group theory. The only drawback resides
in the fact that this Lie groupoid or, for that matter, the corresponding
Lie pseudo-group do not sit on the desired manifold M. Our task is now
to find suitable conditions, on the algebroid or on the Lie equation, so
as to be able to project, onto M, the above pseudo-group as well as the
groupoid. A first obvious remark is the following:
The local transformations obtained by the integration of the Lie equation
should be contact transformations since then, they would project locally
and the local projections of a given transformation can, of course, be
glued together.
7. Lie equations compatible with the contact structures.
Needless to say what we mean by the compatibility. Since any lo-
cal transformation obtained by the integration of a solution of a Lie
equation L is a local automorphism of L , the condition transcribes by
AutL ⊂ AutC , where C denotes the above considered contact struc-
ture. We start by examining a little closer the bracket involving Lie
equations.
Lie equations are not algebroids but are the defining equations of
those algebroids composed by germs of sections of a tangent bundle
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TM −→ M. In trying to integrate an algebroid, one is forced to
determine the non-linear Lie equation associated to the above linear
Lie equation (defining the algebroid) and then see what can be done
with the integration of this non-linear Lie equation. Its solutions pro-
vide what Pradines calls a kernel (noyau) or piece (morceau) of a Lie
groupoid and one must search the eventual globalization of this ker-
nel. On account of the previous discussion, it suffices to consider the
groupoid G, of section 4, constructed with the help of chains and verify
whether the distribution defined by the algebroid, whose integrals are
either the α or the β fibres, is differentiably quotientable. The Theorem
1 provides a reasonably geometric criterion.
Finite dimensional real Lie algebras are all integrable but, in the case
of Lie algebroids, most of them are not. Let us give a simple exam-
ple where we consider one of the differential systems exhibited in [14],
pg.15 and concerning the case (b) where the second order partial de-
rivative ∂2S
∂t2
does not vanish identically. Let us assume that the full
(transitive) invariance Lie algebroid is integrable. Then the resulting
Lie groupoid G is also transitive and has an equivalent (isomorphic)
Cartan representative of some order, composed of contact transforma-
tions jets. However, such a Cartan groupoid is defined by a finite set of
Pfaffian forms satisfying a certain structure equation hence, the given
algebroid has an isolated representative and consequently G could not
belong to a continuous family.
Figure 1. The Universe
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